The role of double space is essential in new interpretation of T-duality and consequently in an attempt to construct M-theory 
Introduction
It is well known that the M-theory unifies all five consistent superstring theories by web of T and S dualities. In order to formulate the M-theory we should construct one theory which contain the initial theory (any of the five consistent) and all corresponding dual ones.
The 2D dimensional double space with the coordinates Z M = (x µ , y µ ) (which components are the coordinates of initial space x µ and its T-dual y µ ) offers many benefits in interpretation of T-duality. In fact in such a space, the T-duality transformations can be realized simply by exchanging places of some coordinates x a , along which we performed T-duality and the corresponding dual coordinates y a [2, 3] . It contains the initial and all corresponding T-dual theories. Realization of such program for T-duality in the bosonic case has been done: for flat background in Ref. [2] and for the weakly curved background, with linear dependence on coordinates, in Ref. [3] . We hoping that S-duality, which can be understood as transformation of dilaton background field, can be successfully incorporated in such procedure.
T-duality for superstrings is non-trivial extension of the bosonic case. In Ref. [4] we extended such approach to the type II theories. In fact, doubling all bosonic coordinates we have unified types IIA and IIB theories. The formulation of M-theory should include T-dualization along fermionic variables, also. T-dualization along all fermionic coordinates in fermionic double space (where we doubled all fermionic variables) has been considered in Ref. [5] .
The remaining step is to extended interpretation of T-duality in double space (which we earlier propose for the case of the closed string) to the case of the open string, also. This will be done in the present article.
The difference between open and closed string appears at the open string end points. Until recently, background fields along Neumann and Dirichlet directions A N a and A D i (N and D denote components with Neumann and Dirichlet boundary conditions) are treated in different way [6, 7] . The Neumann vector field has been introduced in the Lagrangian trough the coupling withẋ a . On the other hand, Dirichlet vector field has been introduced as a consistency conditions without contributions to the Lagrangian. In order to realize double space formulation in the open string case we should treat both Neumann and Dirichlet vector fields in the same way. This has recently been done in Ref. [1] .
In Refs. [8] it has been shown how to introduce vector gauge fields A N a in order that open string retained symmetries of the closed string. Note that according to Ref. [1] , beside well known local gauge invariance of the Kalb-Ramond field we used its T-dual "restricted general coordinate transformations", which includes transformations of background fields but not include transformations of the coordinates. So, above interpretation of the Tduality in double space will confirm expressions for T-dual closed string background fields G µν and B µν (as in Refs. [2, 3] ) and gives the same expressions for T-dual vector fields ⋆ A a D and ⋆ A i N as that obtained in Refs.
[1] with Buscher's procedure.
T-duality of the open string
In this section we will introduce some known features of the bosonic string and shortly repeat main results of Ref. [1] . We will adapt T-duality to be in compliance with boundary conditions on the open string end-points. We will consider vector gauge fields: A N a with Neumann boundary conditions which compensate not implemented gauge symmetry of the Kalb-Ramond field at the open string end-points and A D i with Dirichlet boundary conditions, which compensate not implemented restricted general coordinate transformations at the open string end-points. We will show that field A D i is T-dual to the A N a one, as well as the general coordinate transformations are T-dual to gauge symmetry.
Closed and open Bosonic string
Let us start with the action for closed bosonic string [9, 10, 8] S
It propagates in D-dimensional space-time with background defined by the space metric G µν and the Kalb-Ramond field B µν . We denoted the string coordinates by x µ (ξ), µ = 0, 1, ..., D − 1 and the intrinsic world-sheet metric by g αβ . The integration goes over two-dimensional world-sheet Σ with coordinates ξ α (ξ 0 = τ, ξ 1 = σ).
In the conformal gauge g αβ = e 2F η αβ this action can be rewritten in terms of light-cone
with following combination of background fields
In the string theory, variation of the action (2.2) with respect to x µ produces not only equation of motion
but also boundary conditions 5) where Γ µ νρ is Christoffel symbol and we introduce useful variable
From now on, we will denote boundary of the open string with ∂Σ, so that relation (2.5) we can rewrite as
As a consequence of periodicity, the boundary conditions are trivially satisfied in the closed string case. In the open string case there are two different ways to satisfy boundary conditions. For some coordinates x a (a = 0, 1, · · · , p) we will chose Neumann boundary conditions, when variations of string end points δx a / ∂Σ are arbitrary and for the rest ones x i (i = p + 1, · · · , D − 1) we will chose Dirichlet boundary conditions, when edges of the string are fixedẋ i / ∂Σ = 0 . In order to satisfy Neumann boundary conditions according to (2.5) we should take γ (0) a (x)/ ∂Σ = 0. It s well known that closed string theory is invariant under following infinitesimal transformations: local gauge transformations of the Kalb-Ramond field 8) and general coordinate transformations
These transformations are connected by T-duality [11, 1] . 10) where following Ref. [1] we introduced effective variables 11) and for simplicity we assumed that the metric tensor has a form
We introduced pair of effective vector fields A αµ = {A 0µ , A 1µ } instead of initial one
So, we doubled the number of vector fields, but there are two constraints on the effective vector fields
In the literature A N a [x] is known as massless vector field on Dp-brane while
is known as massless scalar oscillations orthogonal to the Dp-brane.
Choice of background
The space-time equations of motion are consequence of absence of the conformal anomaly. For the closed string case in the lowest order in slope parameter α ′ , it produces [12] 
Here B µνρ = ∂ µ B νρ + ∂ ν B ρµ + ∂ ρ B µν is the field strength of the Kalb-Ramond field B µν , and R µν and D µ are Ricci tensor and covariant derivative with respect to space-time metric.
With the same reason, for open string case there are additional space-time equations of motion [13] . In our notation they take a form
where 16) and K µ ab is extrinsic curvature. We will consider the simplest solutions of the closed string part
which satisfies equations (2.14) . For the open string part (2.15), we will assume that vector fields are linear in coordinates [1] A 18) so that corresponding field strengths are constant. The infinitesimal coefficients F (a) ab and F (s) ij are defined as
ab is antisymmetric in a, b indices while the F (s) ij is symmetric in i, j indices. Since we are working with plane Dp-brane the extrinsic curvature is zero and because Φ, B ab and G E ab are constant, both β a and β µ vanish. So, our choice of background fields (2.17) and (2.18) satisfy all space-time equations of motion.
Sigma-model T-duality of the open string
The T-dualization procedure of the theory described by the action (2.10) with background fields (2.17) and (2.18) has been performed in Ref. [1] . The T-dualization of the vector background fields A N a and A D i is nontrivial because these fields are coordinate dependent and it is not possible to apply standard Buscher's procedure. Instead, T-dualization procedure of the Ref. [22] , which work in absence of global symmetry, has been applied.
So, applying T-dualization procedure along all coordinates, the T-dual action has been obtained
where
and 22) are the symmetric and antisymmetric parts of θ µν ± . In the literature, G E µν is known as open string metric and θ µν as non-commutative parameter.
Because T-dual action (2.20) should has the same form as the initial one (2.10) but in terms of T-dual fields we can express T-dual background fields in terms of initial ones
The first relation can be rewrite as
Note that the T-dual vector background fields depend not on y µ but on 25) which is function on both y µ and its doublẽ
With the help of (2.23) we can find effective T-dual vector fields in analogy with relation (2.11)
We introduced two effective T-dual vector fields
For initial and T-dual open strings boundary conditions at the string end-points take a form
Here γ
µ (defined in (2.6) for closed string) now obtains new infinitesimal term
30) while for T-dual theory we have 
32)
where the symbol ∼ = denotes the T-duality relation.
In fact the second transformation (2.32) can be obtained after T-dualization the T-dual action (2.20). The relations (2.32) are inverse to each other. Both transformations differ from the closed string ones by the infinitesimal term which contains vector background fields A ±µ .
In terms of covariant derivatives
we can rewrite the transformations (2.32) in a simple form
From first equation (2.32) we can find the T-dual transformation laws forẋ µ and x ′μ
and from the second one the inverse transformationṡ
Using the expression for the canonical momentum of the original and of the T-dual theory
we can rewrite the transformations (2.36) and (2.38) in the canonical form
This relation connect momenta and winding numbers. We can rewrite the transformations (2.35) and (2.37) in the form Note that the momentum π µ and variable γ
µ (x), as well as ∂ α x µ = {ẋ µ , x ′µ } are components of the same world-sheet vector.
From now on we will call γ (0)
µ (x) σ-momentum. We can rewrite relations (2.40) and (2.41) in the forms
Therefore, T-duality interchange Neumann with Dirichlet gauge fields. It also interchangė x µ and x ′µ with ⋆ γ µ (0) and ⋆ π µ as well asẏ µ and y ′ µ with γ
µ and π µ .
T-dual background fields of open string in double space
Following Refs. [14, 2, 3, 4, 5] we are going to introduce double space in order to offer simple interpretation of T-dualization as coordinates permutation in double space. Let us start with T-dual transformation lows (2.32). We can express them in a useful form, where on the left hand side we put the terms with world-sheet antisymmetric tensor ε α β (note that ε ± ± = ±1)
We can rewrite these T-duality relations in the simple form
where we introduced the double coordinates Z M and corresponding arguments of background fieldsZ arg
Note a different notation for arguments of background fields, introduced in Ref. [3] . The double space coordinate Z M has 2D rows, D components of initial coordinates x µ in the upper D rows and D components of T-dual coordinates y µ in the lower D rows. In arguments of background fieldsZ arg in each row there is the complete D dimensional vector. Rewritten in form of the one column the arguments of background fields are 2D 2 dimensional vector.
Because arguments of all background fields in A M ± (Z arg ) and ⋆ A K ± ( ⋆Z arg ) (see (3.10)) are the same in the upper D rows as well as in the lower D rows we can write them in two component notation as in (3.3) . We indicated this with index D.
We also introduced the so called O(D, D) invariant metric Ω M N , the generalized metric H M N and constant matrix σ 3
and the double gauge fields
Note that as well as in Refs. [14, 2, 3, 4, 5] all coordinates are doubled. It is easy to check that
which shows that manifest O(D, D) symmetry is automatically incorporated into theory.
T-duality in double space along all coordinates
Let us derive expression for T-dual generalized metric and T-dual double gauge fields following approach of Ref. [3] . Then, beside double space coordinate Z M we should also transform extended coordinates of the arguments of background fieldsZ arg (3.3). We will require that the T-duality transformations (3.2) are invariant under transformations of the double space coordinates Z M andZ arg
We want to offer interpretation for the case where T-dualization has been performed along all coordinates. So, we are going to exchange all initial with all T-dual coordinates which is described by the matrices ⋆ T and ⋆T of the form
It is well known [2, 3] that the first relation gives the standard T-dual transformations of the metric and Kalb-Ramond fields (2.24) . Rewriting the second relation in components, with the help of (2.24) and (3.6) we have
Using expressions (2.11) and the first relation (2.23) we obtain
On the other hand, the T-dual effective fields should have the form (2.27)
From (3.13) and (3.14) with the help of (2.24) we have
which is just Buscher T-duality relation for vector fields (2.23). So, inclusion of gauge fields does not change interpretation of T-duality in double space. It is again replacement of the initial and T-dual coordinates which shows that these transformations are nonphysical.
Double space field strength
If in addition to (3.3) we introduce new double fields
we can reexpress the field strengths of both initial ant T-dual case (see Eqs.(5.11) and (7.31) of Ref. [1] ) in the form
where we defined∂
4 Example: Three torus with D 1 -brane in double space
In this section the example of three-torus with D 1 -brane, considering in the Ref.
[1], we will present in double space. We will show how to perform T-dualization along all coordinates in double space.
Initial theory in double space
We will start with definition of background fields of the initial theory in double space. Let us denoted the coordinates of the D = 3 dimensional torus by x 0 , x 1 , x 2 and introduce nontrivial components of the background fields as
It is easy to find corresponding effective metric and non-commutativity parameter
where as we defined in [1]
We will also need expression for combination of background fields
According to (3.4) it produces
Similarly, we have
The double space coordinates are
while the double gauge field according to (3.6) takes a form
We will start with D 1 -brane define with the Dirichlet boundary conditions x 2 (τ, σ)/ σ=0 = x 2 (τ, σ)/ σ=π = const. It means that we will work with Neumann background fields A 0 N and A 1 N and Dirichlet background field A 2 D and according to our convention we will have p = 1, a, b ∈ {0, 1} and i, j ∈ {2}.
In terms of initial Neumann and Dirichlet fields we obtain
where we used the second expression (4.2).
T-dual theory in double space
On the other hand, for T-dual case we have (4.10) or with the help of (2.27), in terms of T-dual Neumann and Dirichlet fields
Using the second equation (3.11) , with the help of (4.9) and (4.11) we obtain
12) where for this example we have
Note that transition fromZ arg to ⋆Z arg changes x µ ↔ V µ while operator ⋆ T exchanges first three with last three rows from eq.(4.9). Expression (4.12) produces just T-duality relations 14) in accordance with (2.23), (4.1) and (4.2). The same relation can be obtained with the help of compact notation which produces ⋆ A µ ± ∼ = κ θ µν ± A ±ν , (see Eq.(3.12)). According to (2.11) and (2.27) we have respectively
and
Then the equation (3.12) takes the form
17) which again produces relation (4.14).
Double space field strength
The structure of our example produces γ 
Note an unusual coupling of Dirichlet part A D 2 with x ′2 . According with (2.18) the non trivial vector background fields are
Consequently, the field strength of the initial theory is
Note an unusual expression and unusual appearance of symmetric field strength F (s) .
Conclusions
In the present article we extended interpretation of T-duality in double space to the case of open string. This includes consideration of T-duality for the vector gauge fields. In string theory the gauge fields appear at boundary of the open string. Their role is to enable complete local gauge symmetries. In fact, there are two important symmetries of the closed string theory: local gauge symmetry of the Kalb-Ramond field and general coordinate transformations. In Ref. [1] we showed that "restricted general coordinate transformations" (transformations of background fields without transformations of the coordinates) are T-dual to local gauge symmetry of the Kalb-Ramond field. Both symmetries are failed at the open string end-points. The function of gauge fields is to restore these symmetries at the string end-points.
To each symmetry of the string theory there is appropriate gauge field. As a consequence of the boundary conditions only parts of these gauge fields survive. From gauge field corresponding to local gauge symmetry of the Kalb-Ramond field the components along coordinates with Neumann boundary conditions A N a survive. From gauge field corresponding to restricted general coordinate transformations the components along coordinates with Dirichlet boundary conditions A D i survive. So, the complete vector field is A µ = {A N a , A D i }. In Ref. [1] it was shown that known fact that x ′µ is T-dual to π µ produces chain of T-dualities between: restricted general coordinate transformation and local gauge transformations; vector fields with Neumann A N a and Dirichlet boundary conditions A D i . In the present article we showed that all the above results have simple interpretation in double space. The double space contains 2D coordinates, D initial x µ and corresponding D T-dual y µ . The T-dualization of the present article (along all coordinates) corresponds to the replacement of all initial coordinates x µ with all T-dual coordinates y µ and all initial arguments of the background fields x µ with all T-dual ones V µ . Such operation reproduces all results described above. So, in the open string case complete set of Tduality transformations form the same subgroup of the 2D permutation group as in the closed string case.
Let us stress that there is essential difference between our approach and that of Double field theories (DFT) [27, 28] . In DFT there are two coordinates the initial x µ and its double, denoted asx µ . The variablex µ corresponds to our y µ but we have additional dual coordinateỹ µ defined in first relation (2.26) .
Consequently, in the double space we are able to represent the backgrounds of all Tdual open string theories in unified manner as well as in the cases of bosonic [2, 3] and type II superstring theories [4] .
This step is important ingredient in better understanding M-theory. We already explained the role of double space in interpretation of T-duality and consequently in an attempt to construct M-theory [4, 5] . The present article is extension of these consideration to the case of open string.
